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The function r(n) is defined for n > 1 as the number of representations 
n = aa with positive integers a and b. From the basic identity 
valid for any function f(n) for which XzD, r(n) 1 f (n)j < co, several zeta-function 
identities are derived, and certain sums involving y(n) are evaluated while others 
are proved irrational. 
DEFINITION. For n > 1, let r(n) be the number of distinct represen- 
tations n = ab, with positive integers a and b. 
EXAMPLES. 
y(2) = y(3) = ~(5) = y(6) = y(7) = ~(10) = 1, 
y(4) = y(8) = y(9) = ~(25) = ~(27) = ~(32) = 2, 
~(16) = ~(81) = ~(512) = ~(625) = 3, 
~(64) = ~(256) = ~(729) = ~(1024) = 4, etc. 
Note. Just as 7(n), the number of divisors of n, may be regarded as the 
number of occurrences of n in the multiplication table of a x b for positive 
a and b, so r(n) may be regarded as the number of occurrences of n in the 
power table of ab for positive a and b. As T(n) is called the divisor function, 
so y(n) may be called the root function, since y(n) is the number of perfect 
integer roots of n. (Since lb = 1 for all b, the most consistant definition of 
y(l) would be an infinite value. One may also define y(l) = 0, or leave y(l) 
undefined.) 
*This research was supported in part by the United States Air Force 05ce of 
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THEOREM 1. Let n = nFs, p? be the canonical factorization of n > 1 
into powers of primes. Then y(n) = T(g.c.d.(al , o/~ ,..., Q)). 
ProoJ Let g.c.d. (01~) CY.~ ,..., CQ) = g. Then n = rg for some positive 
integer r, and the factorizations g = st are in one-to-one correspondence 
with the representations n = r g = (rs)t of n as a perfect power. Thus, 
r(n) = T(g), as asserted. 
The function r(n) plays an important combinatorial role, as shown in the 
following theorem. 
THEOREM 2. Letf(n) be any function ofnfor which C,“=, r(n) If(n) 1 < 03. 
Then C,“=, r(n)f(n) = Cz=, C&f(mk) = Czsl CzE2f(mk). 
Proof. From the definition of r(n), we have 
where the interchange in order of summation is justified by absolute 
convergence. 
EXAMPLES. 1. For Rl(s) > 1, let &Y) = Cz=‘=, n+ be the Riemann 
zeta-function. Setting f(n) = n+ in Theorem 2, we obtain 
i2 r(n) * (n)-8 = i l&z” - 1) = f (&/a) - I), 
n-2 k=l 
Rl(s) > 1. 
This identity is particularly interesting for the case s = 2, where we find 
* r(n) c 
n=2 
- = il aw - 1) n2 
Since the value of 5(2k) is known for all positive integers k, in the form 
<(2k) = (2+3,/2(2k)!, where the Bernoulli numbers Bk are rational, it 
is notable that the sum C”,, ([(2k) - 1) of transcendental numbers is 
rational. 
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EXAMPLE 2. It is well known that 5’(s)/&) = -Cr-, A(n)ln8 for 
RI(s) > 1, where n(n) is von Mangoldt’s function, for which A(@) = /I(n) 
for all k > 1. Letting f(n) = n(n) * n-s in Theorem 2, we have 
i r(n) 44 
ns 
= z2 $$ = -gl $ (ks), Rl(s) > 1, 
n=2 
EXAMPLE 3. Using g(s) = --Cz=:;, log n/P and Iog nk = k log n, and 
setting f(n) = log n * n-$ in Theorem 2, we obtain 
This identity is also obtained if we differentiate with respect to s in the 
identity of Example 1. 
Analogous to the formula &ncr 7(n) = &k<z [x/k], we have the 
following explicit result. 
THEOREM 3. For real x >/ 2 and any integer M >, [log, x], we have 
G(x) = c r(n) = ‘f [x’/~] - M. 
2<93<x k-1 
In particular, taking M = [log2 x], we have 
2<;<, y(n) = [xl + W2] + *-* + [xl’[loq - [log, x]. 
. . 
Proof. We observe C2(n(z r(n) = Gle1 P,(x), where P&C) is the 
number of perfect kth powers in the interval [2, x]. Clearly P&C) = 
[x1”“] - 1, and P&z) = 0 as soon as xllk < 2, that is, as soon as 
k > [logs x]. Hence, for any M > [log, x], we have 
G(x) = C r(n) = f P&(X) = f [xllk] - M, 
2<n<z k--l k-l 
as asserted. 
COROLLARY. For any positive integer r, and reai x >, 2, 
G(x) - i x”lk = O(xll(r+l) In x), x-+ 03. 
k-1 
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Proof. Take M = [log, x] in Theorem 2, and truncate the sum after 
r terms. Then 
r r1og,.1 
G(x) - C [xlik] = c [x~/~I - [log, xl 
Is1 k=r+l 
< [xl/(r+l) - l][log, x] 
= O(xllfr+l) * In x), x-+ co. 
It is convenient to introduce the following closely related function. 
DEFINITION. Let r’(n) be the number of distinct representations n = ab 
with positive integers a and b, with a > 1 and b > 1. 
THEOREMS. 
r’@) = f;(n) - 1, 
n = 1, 
n > 1. 
Also, Ce<r Y ‘(n) = CfzE2 [xl/“] - (M - l), for any M > [log, x], and 
Cl<.n~z y’(n) = Cls, [xl/“] = O(xll@+l) . In x), x -+ co, for any integer 
r >, 2. 
Proof. Immediate consequences of the corresponding results for r(n). 
THEOREM 5. CzcEI y(n)/b" is irrational for every integer b > 2. 
Proof. First, 
so it suffices to show that CL1 y’ (n)/b” is irrational. Now r’(n) > 0 for 
all positive integers n, but r’(n) > 0 if and only if n > 1 is a perfect power. 
From Theorems 3 and 4, using r = 2, 
lCFC, r’(n) < v5 + VZ * (log, x), for all x > 1. 
. . 
Regarding t?, = CzaEI1 f(n)/b” as an improper expansion in base b (in the 
sense that some of the digits may exceed b - l), we see that the corre- 
sponding proper representation cannot be periodic (or terminating) in 
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base b, because r’(n) > 0 for infinitely many n; but there must be arbi- 
trarily long gaps between nonzero terms in the expansion, since 
4 f y’(n) N & = o(N), N-t co. 
n=1 
Thus, 8, is irrational, and so too is 
m r(n) c n=2 - = b(b 1 1) + ‘, * b” 
A more detailed discussion of this type of irrationality proof will be 
found in [l]. The corresponding result that Cr==, T(n)/b” is irrational for 
all integers b > 2 was first proved by ErdGs [2]. 
The proof of Theorem 5 is in fact a special application of the following 
simple but useful irrationality result. 
LEMMA. if rx(n) is a nonnegative integer for every n > 1, and a(n) is 
positive for infinitely many values of n, but (l/Iv’) ck, a(n) = o(N), N-+ 00, 
then the sum 
is irrationalfor every integer b > 1. 
Proof. The expansion of S,, in base b can be neither terminating nor 
periodic. Hence, S, is irrational. 
The function r’(n) has combinatorial significance in its own right, as 
seen in the following analog to Theorem 2, which is proved in the same 
way. 
THEOREM 6. Let f(n) be any function for which cf, r’(n) 1 f(n) 1 < co. 
Then 
EXAMPLE. Let f(n) = n-y. Then for Rl(s) > Q, we have 
O” y’(n) c 
VL=l 
__ = $ $- 1) = i2 (5(ks) - l)* ns 
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Of particular interest here is the case s = 1, for which we have 
c OD q = f (l(k) - 1) = gz n(n y 1) = f (-& - ;, = 1. 
7kl k4 n=2 
Theorems 2 and 6 are special cases of the following result, which can be 
used to manufacture an unlimited number of new number-theoretic 
functions. 
THEOREM 7. Let S, , S, , S, be countable (orfinite) sets, and let h(m, k) 
be a mapping of S, x S, into S, such that the number of solutions in S, x S, 
of h(m, k) = n is a jinite number (in fact, a nonnegative integer “w(n)“) 
for every n E S, . Let f(n) be any complex-valued function on S, for which 
CkS, Cmcs, 1 f (h(m, k))( < co. Then 




Note. For both r(n) and r’(n), we have h(m, k) = nli and S, is the 
positive integers. The distinction is that for r’(n), we take S, = S, = 
(integers > 2); while for r(n), we take either S, = S, = {integers 3 l}, 
which unfortunately results in y(l) = co; or we may take 
S, = {integers > 2}, S, = {integers >, I}, 
which leads to y(1) = 0. 
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